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Inferences about Treatment Effects	


H0 :τ1 = τ 2 = ... = τ j = 0

H1 :Not  All τ j = 0

FROM 
BEFORE 

One Factor Linear Model 
(Population Model) 

Yij = µ +τ j + ε ij
Score on Y 

for the ith individual 
in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

Predicted Score on Y 
for the ith individual in the jth group 

One Factor Linear Model 
(Prediction for an Individual) 

3 

Ŷij = µ +τ j

Treatment 
Effect for 
Group j 

Grand 
Mean 

Predicted 
Score on Y 

for the ith individual 
in the jth group 

FROM 
BEFORE 

One Factor Linear Model 
(Mean for a Group) 
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µ⋅ j = µ +τ j

Treatment 
Effect for 
Group j 

Grand 
Mean 

Group Mean 
the jth treatment 

FROM 
BEFORE 
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Effect for 
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One Factor Linear Model 
(Population Model) 

Yij = µ +τ j + ε ij
Score on Y 

for the ith individual 
in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

Predicted Score on Y 
for the ith individual in the jth group 

Inferences about Treatment Effects	


H0 :τ1 = τ 2 = ... = τ j = 0

H1 :Not  All τ j = 0

FROM 
BEFORE 

Multifactor Experimental Designs 

11 

Time to Campus via  
La Jolla Village Drive 

Time to Campus 
via Gilman Drive 
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BEFORE 



2/9/15	
  

4	
  

Gilman Drive Average Time Taking  
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La Jolla Village 
Drive 

Average Time Taking  
La Jolla Village Drive 

Possible Test: 
 - Effect of Route 
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Possible Tests: 
 - Effect of Time 
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Factor B 

Possible Tests: 
 - Overall Effect of Route 
 - Overall Effect of Time 
  - Effects of Specific Route & Time Combinations 
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Factorial Design 

Factorial Designs are multifactor designs in 
which two or more factors are completely 

crossed: measurements are taken for every 
combination of factor levels 
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Time (in seconds) to Campus 

By Route (2-levels) and Time of Morning (2-levels) 

TimesToCampus(2x2) 

(IBRD)	
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Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

  

8:00am 9:30am 

Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 
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Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

  

8:00am 9:30am 

Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 
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Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

  

8:00am 9:30am 

Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 
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Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

   (degree to which effect of one factor depends on the level of the other factor)	
 650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

670

845

764

686

Factorial Plot 

38 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

670

845

764

686

Factorial Plot 

39 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

670

845

764

686

Factorial Plot 

Gilman Dr.
La Jolla Village Dr.

40 



2/9/15	
  

11	
  

8:00am 9:30am 

Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
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Factor B 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

   (degree to which effect of one factor depends on the level of the other factor)	


Interaction 

The interaction between factors is the 
degree to which the effects of one factor 
depend on the level of the other factor 
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

   (degree to which effect of one factor depends on the level of the other factor)	
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Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

   (degree to which effect of one factor depends on the level of the other factor)	


One Factor Linear Model 
(Population Model) 

Score on Y 
for the ith individual 

in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

50 

FROM 
BEFORE 

Yij = µ +τ j + ε ij

One Factor Linear Model 
(Population Model) 

Yij = µ +τ j + ε ij
Score on Y 

for the ith individual 
in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

Mean of Group J 

FROM 
BEFORE 

One Factor Linear Model 
(Population Model) 

Score on Y 
for the ith individual 

in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

52 

FROM 
BEFORE 

Yij = µ +τ j + ε ij
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Two Factor Linear Model 
(Population Model) 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Yijk =

53 

Two Factor Linear Model 
(Population Model) 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Grand 
Mean 

Yijk = µ

54 

Two Factor Linear Model 
(Population Model) 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Yijk = µ +α j

55 

Two Factor Linear Model 
(Population Model) 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Yijk = µ +α j + βk

56 
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Two Factor Linear Model 
(Population Model) 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

Yijk = µ +α j + βk + (αβ ) jk
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + γ jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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One Factor Linear Model 
(Population Model) 

Yij = µ +τ j + ε ij
Score on Y 

for the ith individual 
in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

Predicted Score on Y 
for the ith individual in the jth group 

FROM 
BEFORE 

One Factor Linear Model 
(Population Model) 

Yij = µ +τ j + ε ij
Score on Y 

for the ith individual 
in the jth group 

Treatment 
Effect for 
Group j 

Error Grand 
Mean 

Mean of Group J 

FROM 
BEFORE 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Predicted Score on Y 
for the ith individual in the jth level of Factor A and kth level of Factor B 

Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

66 

Mean of Group 
for the jth level of Factor A and kth level of Factor B 

Two Factor Linear Model 
(Population Model) 

Yijk = µ⋅ jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Error 

67 

Mean of 
Group JK 

Two Factor Linear Model 
(Population Model) 

Yijk = µ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

68 

Mean of Group 
for the jth level of Factor A and kth level of Factor B 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ⋅⋅⋅ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Population Model) 

Yijk = µ⋅⋅⋅ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk + eijk
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Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error 
Effect 

offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

Mean of Group 
for the jth level of Factor A and kth level of Factor B 

Grand 
Mean 

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

Mean of Group 
for the jth level of Factor A and kth level of Factor B 

Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk

72 

Grand 
Mean 
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Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
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Factor A 
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Mean 

Effect 
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Factor B 

Effect 
offset for 
unique 

effect of 
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Y⋅ jk
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Y⋅ jk
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Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 

78 

FROM 
BEFORE 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

79 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅⋅ +
a1 + b1 + (ab)11

Y⋅⋅⋅ +
a1 + b2 + (ab)12

Y⋅⋅⋅ +
a2 + b2 + (ab)22

Y⋅⋅⋅ +
a2 + b1 + (ab)21

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

80 



2/9/15	
  

21	
  

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

81 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Y⋅⋅⋅ =

82 

500 600 700 800 900 1000

Times to Campus 

83 

Y⋅⋅⋅ = 741

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅1 = Y⋅⋅2 =

Y⋅⋅⋅ = 741

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

84 



2/9/15	
  

22	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

85 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757
Y⋅⋅2 = 725

86 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757
Y⋅⋅2 = 725

Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Gilman Dr.
La Jolla Village Dr.

87 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757
Y⋅⋅2 = 725

88 



2/9/15	
  

23	
  

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 
Factor B 

Y⋅⋅1 = Y⋅⋅2 =

Y⋅⋅⋅ = 741

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

89 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

90 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

bk = Y⋅⋅k −Y⋅⋅⋅

91 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

bk = Y⋅⋅k −Y⋅⋅⋅

92 



2/9/15	
  

24	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅⋅ = 741

bk = Y⋅⋅k −Y⋅⋅⋅

93 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅⋅ = 741

bk = Y⋅⋅k −Y⋅⋅⋅

94 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅⋅ = 741

bk = Y⋅⋅k −Y⋅⋅⋅

95 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

bk = Y⋅⋅k −Y⋅⋅⋅

96 

df = k −1



2/9/15	
  

25	
  

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 
Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

bk = Y⋅⋅k −Y⋅⋅⋅

97 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ =

Y⋅1⋅ =b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

98 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

99 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

Gilman Dr.
La Jolla Village Dr.

100 



2/9/15	
  

26	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

101 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

102 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

103 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

b1 =16 b2 = −16

b1 =16 b2 = −16 Y⋅2⋅ =

Y⋅1⋅ =

104 



2/9/15	
  

27	
  

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 
Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

105 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

aj = Y⋅ j⋅ −Y⋅⋅⋅

106 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

a1 = −63

a2 = 63

aj = Y⋅ j⋅ −Y⋅⋅⋅

107 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅⋅⋅ = 741

aj = Y⋅ j⋅ −Y⋅⋅⋅

108 



2/9/15	
  

28	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅⋅⋅ = 741

aj = Y⋅ j⋅ −Y⋅⋅⋅

109 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

a1 = −63

a2 = 63

aj = Y⋅ j⋅ −Y⋅⋅⋅

110 

df = j −1

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

111 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

112 



2/9/15	
  

29	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

Y⋅⋅1 = 757
Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

113 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y⋅⋅1 = 757

Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

114 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y⋅⋅1 = 757

Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

115 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y⋅⋅1 = 757

Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

116 



2/9/15	
  

30	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y⋅⋅1 = 757

Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678

117 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y PA
⋅ jk = Y⋅⋅⋅ + aj + bk Purely Additive Factor Effects 

Y PA
⋅21

Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

118 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


b1 =16

b2 = −16

b1 =16

a1 = −63

a1 = −63

a2 = 63

a2 = 63
b2 = −16

Y PA
⋅ jk = Y⋅⋅⋅ + aj + bk Purely Additive Factor Effects 

Y PA
⋅21

Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

Y⋅⋅⋅ = 741

119 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

a2 = 63

Y PA
⋅ jk = Y⋅⋅⋅ + aj + bk Purely Additive Factor Effects 

Y PA
⋅21

b1 =16

Y⋅⋅⋅ = 741

b1 =16
a2 = 63

120 



2/9/15	
  

31	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


b1 =16

b2 = −16

b1 =16

a1 = −63

a1 = −63

a2 = 63

a2 = 63
b2 = −16

Y PA
⋅ jk = Y⋅⋅⋅ + aj + bk Purely Additive Factor Effects 

Y PA
⋅21

Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

Y⋅⋅⋅ = 741

121 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 

Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

122 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y PA
⋅21

Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

123 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y PA

⋅21 Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

124 



2/9/15	
  

32	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	

Y PA

⋅21 Y PA
⋅22

Y PA
⋅12

Y PA
⋅11

125 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

126 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

127 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

128 



2/9/15	
  

33	
  

Interaction 

The interaction between factors is the 
degree to which the effects of one factor 
depend on the level of the other factor 

The interaction between factors is the 
degree to which the mean for treatments 
differs from the additive effects of factors 

 

129 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

130 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

Purely Additive 
Factor Effects 

Y PA
⋅21

Y PA
⋅12

Y PA
⋅11

Y PA
⋅22

131 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

Actual Treatment 
Means 

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

132 



2/9/15	
  

34	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab12 = 24

ab22 = −24
ab21 = 24

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

Deviation from Purely 
Additive Factor Effects 

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

133 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

+	


+	


Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab12 = 24

ab22 = −24
ab21 = 24

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

134 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

135 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

136 



2/9/15	
  

35	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

137 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

138 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

139 

650

700

750

800

850

T
im

e 
T

o
C

am
p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

140 



2/9/15	
  

36	
  

650

700

750

800

850
T

im
e 

T
o

C
am

p
us

 L
S 

M
ea

ns

8:00 9:30
Time of Day

Gilman Dr.
La Jolla Village Dr.

141 

df = ( j −1)(k −1)
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df = ( j −1)(k −1)
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Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab12 = 24

ab22 = −24
ab21 = 24

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11
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df = ( j −1)(k −1)
8:00am 

k = 1 
9:30am 

k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 
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to
r A

 

Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk
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Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk
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Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk
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k = 1 

9:30am 
k = 2 
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j = 1 

La Jolla Village 
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j = 2 
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Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
a1 = −63

a2 = 63

a1 = −63

a2 = 63

a1 = −63

a2 = 63

b1 =16 b2 = −16

b1 =16 b2 = −16

b1 =16 b2 = −16

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk
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Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

148 



2/9/15	
  

38	
  

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
j = 2 

Fa
c

to
r A

 
Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅11 = 741+ (−63)+ (16)+ (−24) = 670

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅11 = 741+ (−63)+ (16)+ (−24) = 670

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅11 = 741+ (−63)+ (16)+ (−24) = 670

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅11 = 741+ (−63)+ (16)+ (−24) = 670

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅11 = 741+ (−63)+ (16)+ (−24) = 670

ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21

155 

Y⋅11 = 741+ (63)+ (16)+ (24) = 845
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Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21
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Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16



2/9/15	
  

40	
  

Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = 741+ (63)+ (16)+ (24) = 845
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Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21
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Y⋅21 = 845 Y⋅22 = 764
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159 

Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21
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Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅11 = 741+ (63)+ (16)+ (24) = 845
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅21 = Y⋅⋅⋅ + a2 + b1 + (ab)21
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Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab21 = 24

ab12 = 24

ab22 = −24
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Y⋅⋅⋅ = 741
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Y⋅21 = 845

ab21 = 24

162 

a2 = 63
b1 =16

Y⋅⋅⋅ = 741

Y⋅2⋅ = 804

Y⋅11 = 741+ (63)+ (16)+ (24) = 845

Y⋅11 = Y⋅⋅⋅ + a1 + b1 + (ab)11

163 

8:00am 
k = 1 

9:30am 
k = 2 

Gilman Drive 
j = 1 

La Jolla Village 
Drive 
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24

a1 = −63

a2 = 63

b1 =16 b2 = −16

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk
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Factor B 

Y⋅⋅⋅ = 741

Y⋅⋅1 = 757 Y⋅⋅2 = 725

Y⋅2⋅ = 804

Y⋅1⋅ = 678Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686
ab11 = −24 ab12 = 24

ab22 = −24ab21 = 24
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Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Effect 
offset for 
unique 

effect of 
Factors in 
treatment 

jk 
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BEFORE 

Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
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level j of 
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Grand 
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Effect 
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level k of 
Factor B 

Effect 
offset for 
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effect of 
Factors in 
treatment 

jk 
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Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Deviation 
from 
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effects for 
treatment 
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Two Factor Linear Model 
(Sample Model for Treatment Mean) 

Y⋅ jk = Y⋅⋅⋅ + aj + bk + (ab) jk

Mean of Y 
for the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Deviation 
from 

perfectly 
additive 

effects for 
treatment 

jk  
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Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk + eijk

Score on Y 
for the ith 

individual in 
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treatment of 
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of factor B 
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BEFORE 

Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk + eijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
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of factor B 

Effect 
offset for 
level j of 
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offset for 
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k = 1 
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Gilman Drive 
j = 1 

La Jolla 
Village Drive 

j = 2 
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

eijk = Yijk −Y⋅ jk

eijk = Yijk − Ŷijk
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Factor B 

-200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 -50 0 50 100 150 200

-200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 -50 0 50 100 150 200

eijk = Yijk −Y⋅ jk
ei11 ei12

ei21 ei22

eijk = Yijk − Ŷijk
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Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk + eijk

Score on Y 
for the ith 

individual in 
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treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
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Mean 
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FROM 
BEFORE 

Two Factor Linear Model 
(Population Model) 

Yijk = µ⋅⋅⋅ +α j + βk + (αβ ) jk + ε ijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Deviation 
from 

perfectly 
additive 

effects for 
treatment 

jk  

174 

FROM 
BEFORE 

8:00am 9:30am 

Gilman Drive 670 Seconds 686 Seconds 

La Jolla Village 
Drive 845 Seconds 764 Seconds 

Factor B 

Possible Tests: 
 - Overall Effect of Route (ignoring time) 
 - Overall Effect of Time (ignoring route) 
  - Effects of Specific Route & Time Combinations 

  

175 

Fa
c

to
r A

 

 (degree to which effect of one factor depends on the level of the other factor)	


Tests of Effects for Two Factors 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

 

176 
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Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

a1 = −63

a2 = 63

aj = Y⋅ j⋅ −Y⋅⋅⋅
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FROM 
BEFORE 

Tests of Effects for Two Factors 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 
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Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

bk = Y⋅⋅k −Y⋅⋅⋅

179 

FROM 
BEFORE 

Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 
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Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab21 = 24

ab12 = 24

ab22 = −24Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )
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FROM 
BEFORE 

Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 
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Y⋅2⋅ = 804

Y⋅1⋅ = 678

Y⋅⋅⋅ = 741

a1 = −63

a2 = 63

aj = Y⋅ j⋅ −Y⋅⋅⋅
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BEFORE 

df = j −1
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror
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Y⋅⋅1 = 757

Y⋅⋅2 = 725
Y⋅⋅⋅ = 741

b1 =16
b2 = −16

bk = Y⋅⋅k −Y⋅⋅⋅

FROM 
BEFORE 

df = k −1
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror
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Y⋅11 = 670

Y⋅21 = 845

Y⋅22 = 764

Y⋅12 = 686ab11 = −24

ab21 = 24

ab12 = 24

ab22 = −24Y PA
⋅21 Y PA

⋅22

Y PA
⋅12

Y PA
⋅11

abjk = Y⋅ jk − (Y⋅⋅⋅ + aj + bk )

FROM 
BEFORE 

df = ( j −1)(k −1)
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror

FAB =
MSAB
MSerror
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror

FAB =
MSAB
MSerror
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Factor B 

Y⋅11 = 670

Y⋅21 = 845 Y⋅22 = 764

Y⋅12 = 686

eijk = Yijk −Y⋅ jk

eijk = Yijk − Ŷijk
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Factor B 
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FROM 
BEFORE 

196 



2/9/15	
  

50	
  

Two Factor Linear Model 
(Sample Model) 

Yijk = Y⋅⋅⋅ + aj + bk + (ab) jk + eijk

Score on Y 
for the ith 

individual in 
the jth 

treatment of 
factor A, and 
kth treatment 

of factor B 

Effect 
offset for 
level j of 
Factor A 

Error Grand 
Mean 

Effect 
offset for 
level k of 
Factor B 

Deviation 
from 

perfectly 
additive 

effects for 
treatment 

jk  

FROM 
BEFORE 
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Tests of Effects for Two Factors 

•  Effects of Specific A & B 
Combinations: 
o  Interaction between A and B 
o  Test of whether all (αβ)jk = 0 

•  Overall Effect of Factor A 
o  Main Effect of A 
o  Test of whether all αj= 0 

•  Overall Effect of Factor B 
o  Main Effect of B 
o  Test of whether all βk = 0 

FA =
MSA
MSerror

FB =
MSB
MSerror

FAB =
MSAB
MSerror
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