One Factor Linear Model
(Sample Model)
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o,
One Factor Linear Model
(Population Model)
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Inferences about Treatment Effects

H,:Not All 7, =0

Y. =Y+t +le.

) J J
S Y = Estimated
core on — ; Treatment Error
for e fhindvidual | &8 |CTANASR T etecifor | T |
Group j

Statistical Inference with Linear Models

+ Analysis of Variance Approach

» General Linear Test Approach
(model comparison)
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Inferences about Treatment Effects

H, :Not All 7,=0

The Fisher-Snedecor Distribution

is distributed as

df for
numerator

Variance Estimate 1 7 /deng;gsnrm

V1,0,

Variance Estimate 2

Assuming estimates are for the same population variance

T T
so0ff Sampling Distribution of the Variance

T T
sl Sampling Distribution of the Variance

- 4

| n=20 -

- J

- i
) - ‘ L

T T
ws|. Sampling Distribution of the Variange

%
8650,
oéj

The Fisher-Snedecor Distribution

is distributed as

df for
. . numerator
Variance Estimate 1 l > e
V;,0,

Variance Estimate 2

Assuming estimates are for the same population variance
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The Fisher-Snedecor Distribution

is distributed as

df for
numerator

df for
denominator

‘U] ,1)2

2
Xw)
2
Xw,)

Assuming estimates are for the same population variance

The Fisher-Snedecor Distribution

is distributed as

df for
numerator

Variance Estimate 1

V1,0,

Variance Estimate 2

Assuming estimates are for the same population variance

df for
F denominator

12
Variance Estimate 1
Variance Estimate2 "™
7 F;O,SO
| Fisher-Snedecor
0 1 2 3 a

Value of F Statistic

13
eéf’c
0&1
@@ T T T
so0ff Sampling Distribution of the Variance N
n=2 -
- )
o 00 200 300 400 500 00
T T
s Sampling Distribution of the Variance n
- n=20 -
. L
00 200 300 400 S0 0
T T T
«uo). Sampling Distribution of the Variange i
e i
n=120
m i
5 | | |
am B £
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Variance Estimate 1

Vy,0y

Variance Estimate 2

Variance Estimate 1

V;,0y

Variance Estimate 2

FVSO,SO

Fisher-Snedecor

T T T T
[ 1 2 3 4

Value of F Statistic

FZ,SO

Fisher-Snedecor

T T T T T i T T T
1 2 3 4 5 6 7 8 9 10
Value of F Statistic

The Fisher-Snedecor Distribution

is distributed as

Variance Estimate 1 l

~Y

V1,0,

Variance Estimate 2

Assuming estimates are for the same population variance

Inferences about Treatment Effects

H, :Not All 7,=0
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Analysis of Variance Test Statistic

P Variance of Treatments

Variance of Error

20

$360.00

%
&0,
o

$340.00-|

$320.00-|

(1,=—$347] [1,=-3833]

i | !

£ s300.
& 5280.00-

$260.00-|

$240.00-|

$220.

O al]

L =S1180

Delta T Southwest £ Virgin America

Analysis of Variance Test Statistic

o Variance of Treatments

Variance of Error

022

Check Your Understanding ‘

A
B
C

P Variance of Treatments

Variance of Error

If there is a large true effect of the tfreatment
factor (the T, are very different) what kind of
values of F should we expecte:

] * Values larger than 1 ]

] * Values around 1 ]

\S—/

] ¢ | don't know (F this question)

@E=>
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] Check Your Understanding ‘

P Variance of Treatments

Variance of Error

If there is a large true effect of the tfreatment

factor (the T, are very different) what kind of

values of F should we expect?:

{ | - Values larger than 1 ]
B ] * Values around 1 ]
C ] * | don't know (F this question) ]

24

Analysis of Variance Test Statistic

_ Variance of Treatments

F
Variance of Error

25

Analysis of Variance Test Statistic

_ Systematic Variance + Random Variance

F
Random Variance

If H, istrue:notall 7,=0

26

Analysis of Variance Test Statistic

_ Random Variance

Random Variance

If Hyistrue: 7,=7,=..=7,=0

27
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Analysis of Variance Test Statistic

P Variance of Treatments

Variance of Error

28

Analysis of Variance Test Statistic

MS

F — treatments

MS

error

29

Analysis of Variance Test Statistic

SS,
F — MStreatments - dﬁ

MS =SS
df,

error

*30

Sums of Squares for Error

40,
&;4,:1

SSrer = 2, 2, (Y~
j i

The sums of squares for error is the sum of
the squared distance from each individuals
actual score and their predicted score

e3]
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= =
&2, &0,
o %

Sums of Squares for Error

SS.ror = 2, 2 () -[E)
4

The sums of squares for error is the sum of
the squared distance from each individuals
actual score and their predicted score

$360.00 S

$340.00-|

$320.00-|

ght

& $300.

PN G -y

: WWH

- @ - .

st of Fli

S $280.00-|

C

$260.00-|

e = ecccaQebmermm o - - ]

L

$240.00-|

[~

$220.

Delta T Southwest L Virgin America
Airlines

Sums of Squares for Error Analysis of Variance Test Stafistic

— = A.. 2 .
. ;2 4 - MR /df

The sums of squares for error is the sum of MSerror SSe
the squared distance from each individuals d
actual score and their predicted score e
Also called the sums of squares within
'within
L] 034 L] 35




Sums of Squares Treatment

SStreat = ZZ_Z
o

The sums of squares freatment is the sum of
the squared distances for each individual's
predicted score from the grand mean

Also called the sums of squares between
between

36

SSerror = Z Z (Yt] . 2

J

+ SS,M=ZZ(—2 =
Vo

SStotal = ZZ(YZJ - 2
J 1

37

Sums of Squares Total

S total — ZZ(YU _2
Jj i

The sums of squares fotal is the sum of the
squared distance for each individual’s
actual score and the grand mean

These are the sums of squares you
would get if ignored your factor and
found SS for the Y variable alone

38

Partitioning the
Total Sums of Squares

39
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.

1oy = 340

Y

1oy = 277

$360.00
l/ .
$340.004 ; .
$320.00-] .
= i
S $300. 0]
= v
s .
5 '
S $280.00 .

: ]
$260.00 * !
$240.004 .

§220) Delta Southwest Virgin America
Airlines

. ®40

o
(10)(1)
(©)
Y(lﬂ)(z)
° 042

$360.00 \
! .
$340.00- : .

. |

$320.00- .
- i
£ $300. \—
e v
s .
3 .
S8 $280.00-| .

H ]
$260.00-| M !
$240.00-| .

§220) Delta Southwest Virgin America
Airlines
[ ] e 4]
Y,-¥
Total Deviation
a v
(10)(1)
o
Y(lﬂ)(z)
L] 043
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=i

A A

Y.z L5 LY
To’rql Dewohon Error Deviation Treatment Deviation
Y Y
Y('U)H)
Y(m)(l)
,,,,,,,,,,,,,,,,,,,,, YHONH

O
Vo=
I o T 2 - me
(10)(2)
¥

7

56

SSerror - ZZ(YZJ _ 2

+ 55 = ZZ(. ) =
total 22( . 2

57

SSerror - EE(YU _2
i i =

+ 55, = 22—2
= 8= X0 TY

58

Sums of Squares Treatment

5S= XY
75

The sums of squares freatment is the sum of
the squared distances for each individual's
predicted score from the grand mean

Also called the sums of squares between

between

59
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Sums of Squares Treatment

SS ea = 2,1, (¥, [’
J

The sums of squares freatment is the sum of
the squared distances for each individual's
predicted score from the grand mean

Also called the sums of squares between
between

® 40

Sums of Squares Treatment

SStreat = ZnJ(YJ _Y)2
J

The sums of squares freatment is the sum of
the squared distances for each individual's
predicted score from the grand mean

Also called the sums of squares between
between

Sums of Squares Treatment

_ 2
SStreatment - 2 nj "
J

The sums of squares freatment is the sum of
the squared distances for each individual's
predicted score from the grand mean

Also called the sums of squares between

between

Analysis of Variance Test Statistic

SS,
F —_ MStreatments - dﬁ

df,

MS SS,

error
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Degrees of Freedom for the
Analysis of Variance

+ S8, = ZZ—
= S50 = 2N, -7

Degrees of Freedom for the
Analysis of Variance

Degrees of Freedom for the
Analysis of Variance

df;’rror s df;reatment = df;otal

2/5/15
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Sums of Squares Total

SStotal = ZZ(YU - Y)2
Jj i

Degrees of Freedom for SS,;

dfy, i B 1

Sums of Squares Treatment

2
SStreatment - 2 nj (t])
J

Degrees of Freedom for SS,

df,=j-1

nnnnnnnn

Delta

t =$11.80

Southwest

t,=—$347

Virgin America

f, =—$8.33

Restriction

D =0
J

00000000

oooooooo

(1,=-$347| [1,=-$833

oooooooo

. $1180

00000000

ooooooo

ccccccccccccccccccccccc
Airlines
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Sums of Squares Treatment

2
SStreatment - 2 nj (t])
J

eeeee

df,=j-1

Sums of Squares for Error

S = 2, 2, Xy =Y
j i

Degrees of Freedom for SS,,..

Gorr = 2,1 = 1)

Sums of Squares for Error

SS e = 2, 2,V = Y,)’
j i

Degrees of Freedom for SS,,.,.

Gorer = 2,01 1)

df;rmr = [nwml = (.] - 1)] 1l

df;rror ntotal = (] = 1) - 1
= df;reatment + .] = 1
= dftotal = Prar =1
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df;rror 100 — (3 = 1) - |
5= dﬁreatment + 3 =
= df;otal = 100-1

dferror 97
T dﬁreatment * 2
= df;otal = 99

Analysis of Variance Test Statistic

S, _
F — MStreatments — dﬁ VI s~

MS error " SSe e
df,

Analysis of Variance Test Statistic

SS, .
F - MS treatments __ 2 .
M Serror SS/ i 97
97
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The Fisher-Snedecor Distribution

is distributed as

df for
numerator

Variance Estimate 1 7 / g

V1,0,

Variance Estimate 2

Assuming estimates are for the same population variance

Variance Estimate 1

Variance Bstimate 2 "™
F2,97
Fisher-Snedecor
1 2 3 4 5 6 7 8 9 10

Value of F Statistic

e8]

MS

treatment
— e~

MS, o

error

If H, istrue (1,=7,=...=7,=0):

F2,97

Fisher-Snedecor

Critical Region
p=0.05

1 2 3 4 5 6 2 8 H 10
Value of F Statistic

Ao,
Ce
0!

Statistical Inference with Linear Models

» General Linear Test Approach
(model comparison)
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The General Linear Test

1. Specify a Full (unrestricted) Model and
determine amount of “error”

2. Specify a Reduced (restricted) Model
and determine amount of “error”

3. Test the reduction in “error”

The General Linear Test

Reduction in Error )
. # Added Parameters

Baseline Error

Full (unrestricted) Model

Y.=U+T +€,

Reduced (restricted) Model
Hy,:t1=7,=..=7,=0

Y, = u+g,

The General Linear Test

# Added Parameters
Baseline Error

( Reduction in Error )
F

2/5/15
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$360.00

Grouping based on Airline

$340.004

$320.00 :

$300.00

$280.00

Cost of Flight

$260.00

$240.00

$220.00

Delta

Southwest
Airline

Virgin America

$360.00

Random Grouping #1

$340.004

$320.00

$280.00

Cost of Flight

$260.00

$240.00

$220.00

$300.004———

i

i

'
T

1

T

Random Grouping 1

Random Grouping #2

$360.00

$340.004

$320.00

= $300.00

$280.00+

Cost of Flight

$260.00

$240.004

$220.00

1 T
Random Grouping 2

Random Grouping #3

$360.00

$340.004

$320.00

$280.00+

Cost of Flight

$260.00

$240.004

= $300.00+ .

$220.00

1
Random Grouping 3
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The General Linear Test

Reduction in Error )
. # Added Parameters
Baseline Error

Random Grouping #3
$360.00

$340.004

$320.00

= $300.00+

Cost of Flight

$280.00

$260.00

$240.00

$220.00

0 T i ! 2
Random Grouping 3

$360.00

$320.00

Cost of Flight

$260.004 T

$240.004

$220.00

$340.00

Z$300.004 = - = — e

$280.00 . , .= B

Random Grouping #4 with 50 Groups

The General Linear Test

Random Grouping 4

Reduction in Error )
D # Added Parameters

Baseline Error

2/5/15
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The General Linear Test

# Added Parameters

The General Linear Test

( Reduction in Error )

Baseline Error

( SS,(R)— 5SS (F) j
. # Added Parameters

Baseline Error

The General Linear Test

( SS,(R) =SS, (F) j
# Added Parameters
Baseline Error

B

The General Linear Test

(SSe (R)-SS, (F)]
R -di(F)

Baseline Error

2/5/15
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The General Linear Test

df (R)—df.(F)

Baseline Error

(SSe (R)-SS, (F)]

Full (unrestricted) Model

Y.=U+T +€,

Reduced (restricted) Model
H,:1,=7,=..=7,=0

Y, = u+¢

Full (unrestricted) Model

Y.=U+7T +E,

Reduced (restricted) Model
Hy,:t1=7,=..=7,=0

Y, = u+g,

Full (unrestricted) Model

Y. =U+7T, +E,

Reduced (restricted) Model
Hy,:t1=7,=..=7,=0

Y, = u+g,

2/5/15
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$360.00

Random Grouping #1

$340.004

$320.00

$300.00

$280.00

Cost of Flight

$260.00

$240.00

$220.00

Random Grouping 1

i

i

'
T

1

T

Random Grouping #2

$360.00

$340.004

$320.00

$300.00

$280.00

Cost of Flight

$260.00

$240.00

$220.00

T
1
Random Grouping 2

Random Grouping #3

$360.00

$340.004

$320.00

= $300.00+

$280.00+

Cost of Flight

$260.00

$240.004

$220.00

1
Random Grouping 3

Random Grouping #3

H, .o,

$360.00

$340.004

$320.00

= $300.00+

$280.00+

Cost of Flight

$260.00

$240.004

$220.00

1
Random Grouping 3
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Random Grouping #1 H,:0,=0 Random Grouping #2 H,:0.=0
$360.00 4 $360.00 4
$340.00 ! $340.00 :
. N ; .
$320.004 i , $320.00 : : H
5 : i [ — £ : ; ;
2$300004+— . 2 $300.00- : 1
= i I = ! : H
S ' . 5] . H
% $280.00 : 2 $280.00 : ,
o : , S} . : :
$260.00+ ! ' : $260.00+ ’ : '
$240.00 $240.00
$220.00 5 T 7 T = $220.00 5 : 7 : 5
Random Grouping 1 Random Grouping 2
L] L] L]
Random Grouping #3 H o -
20, =0 ‘5 —
$360.00 Done ! H,:0.=0?
i $340.00 H '
$340.00 . : : ) |
; . $320.00-{ \
$320.00 i : : |
£ . i . £ 530000 ; : 3
= $300.00 : i T c i ! i
= — i ! 5 . |
5 - : ' 2 i N :
% $280.00 : : ) & s28000 ‘
O . ; . |
: ; I
$260.00-] : =00
$240.004 ' . $240.00-|
$220.00 0 T i T 2 2000 Delta T Southwest Virgin America
Random Grouping 3 Airline
o o o
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Full (unrestricted) Model Y, =u+1,+¢; Full (unrestricted) Model Y, =u+71,+¢;
$360. $60.00
. ; _ H,:0,=0? T : H,:0,=0?
$340.00- : ! $40.00
1
$320,00-] Y\ x i E" 520004
f : | E
§ssoono| : Yo v, | g
g $280.00-{ ‘ , % ($20.00)4
$260.00- ! g (840.00)4
$240.00 . (860.00)-
Delta Y Southwest Y Virgin America ($80.00): Delta Southwest Virgin America
Airline Airline
L] L] L] L]

....Reduced (restricted) Model Y =u+e, Full (unrestricted) Model

H,:0,=0?

Y

$320.00-]

ésm- Reduced (restricted) Model
w0 - Hy,:t1=7,=..=7,=0

1 . F=pte
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- = 100 random
. Cost = f(Number of Loads) ook

Y=u + H, :0,#0
$8.00-| Reduced (resfricted) Model

$7.00-
$6.00-|

8 $5.00-|
[¥]

$4.00-| l
$3.00-|

$2.00-|

$1.00

Loads of Laundry

o Cost = f(Number of Loads)

$8.00-|
$7.00-|
$6.00-|
g $5.00-|
$4.00

$3.00-|

n = 100 randomly
selected individuals

— H,: 0
Y,-—u+ﬂ 110 #

Reduced (resfricted) Model

$1.00

n = 100 randomly
selected individuals

Cost = f(Number of Loads)

$8.00-| RYeidu:celdt (‘r:gfed) Model HI o7 ’
I
$4.00 TICTTTTTTTTLTTTIOTTIONTT

Full (unrestricted) Model

Y. =U+7T, +E,

Reduced (restricted) Model
Hy,:t1=7,=..=7,=0

Y, = u+g,
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Full (unrestricted) Model

Yij:lu_l_

T.

J

+.

E;

Reduced (restricted) Model
Hy:1,=7,=..=7,=0

Y, = u+¢,

Full (unrestricted) Model

Yij:lu_l_

T.

J

+.

E;

Reduced (restricted) Model
H,:1,=7,=..=7,=0

Y=g

l

The General Linear Test

(SSe (R)—SS,(F)
- G CORE)

J

Baseline Error

The General Linear Test

df (R)—df.(F)

|

[SSe(R)—SSe(F)
F =

-

S, (F)
df,(F)

|
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The General Linear Test

(SSe (R)-SS, (F)]
df,(R)—df,(F)
(MSerror)

Full (unrestricted) Model

Y, =u+7 +¢,

Reduced (restricted) Model
Hy:1,=7,=..=7,=0

Y= u+g

Sums of Squares Total

SStotal = ZZ(YU - Y)Z
J o

The sums of squares fotal is the sum of the
squared distance for each individual’s
actual score and the grand mean

These are the sums of squares you
would get if ignored your factor and
found SS for the Y variable alone

R /(:PO
&
4

The General Linear Test

( SS.(R)|-SS, (F)j
df,(R)-df (F)
(MSEW'OV)
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The General Linear Test

R <F>j
df;otal - dfe (F>
(MSE}'TOF)

Full (unrestricted) Model

Y.=U+7T +€,

Reduced (restricted) Model
H,:1,=7,=..=7,=0

Y, = u+¢

Sums of Squares for Error

R /(:PO
&
4

SS e = 2, 2,V = Y,)’
j i

The sums of squares for error is the sum of
the squared distance from each individuals
actual score and their predicted score

Also called the sums of squares within

within

The General Linear Test

SSi0ia =135, (F)
_ df;otal . dfe (F)
(MSerror)
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The General Linear Test

error.

df;‘otal _ df‘error
(M S error )

(SSW,,Z ~SS

+ 59 08 ZZ—

= 88, = 2, 2, 7’
] i

R /(:PO
&
4

Degrees of Freedom for the
Analysis of Variance

df;’rror s df;reatment = df;otal

The General Linear Test

SS

total error

—-SS

|

dfl“otal — dferror

(MSerror )
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The General Linear Test

SS

treatment

f;r eatment

(MSerror )

The General Linear Test

The General Linear Test

F — MStreatment
MS

error

sl treatment _,
If H, istrue (1,=7,=...=7,=0): —MS o0
error
F 2,97
Fisher-Snedecor
Critical Region
p=0.05
1 B 3 4 5 6 2 8 9
Value of F Statistic
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